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GAUSSIAN CURVATURE AT THE HYPERELLIPTIC
WEIERSTRASS POINTS.
ABEL CASTORENA
Abstract. Let C be a compact Riemann surface of genus g > 0. The principal
polarization of the Jacobian J(C) of C induces a metric on C of non-positive
curvature, called the Theta metric. Let K be the Gaussian curvature of the Theta
metric. We show that the hyperelliptic Weierstrass points are non-degenerated
critical points of K of Morse index +2. We give an example in genus two where we
show that the curvature K is a Morse function.
0.- Introduction and statement of results
Let C be a compact Riemann surface of genus g > 0. Consider the first homol-
ogy group H1(C,Z) ≃ Z2g and the complex g-dimensional vector space of holo-
morphic differentials H0(C,Ω) and let H0(C,Ω)∨ be the dual space. The map
 : H1(C,Z) → H0(C,Ω)∨, (γ) =
∫
γ
is injective and the image generates a lat-
tice in H0(C,Ω)∨. The Jacobian of C, J(C) := H0(C,Ω)∨/H1(C,Z) is a com-
plex torus of dimension g. Take basis {λ1, . . . , λg, β1, . . . , βg} of H1(C,Z) and
{ω1, . . . , ωg} of H0(C,Ω), the 2g× g period matrix of C with respect to this choice
is (
∫
λi
ωj ,
∫
βi
ωj), i, j = 1, ..., g.
Fixing a point p0 ∈ C, we have in coordinates the Abel-Jacobi map µp0 : C →
J(C), µp0(p) = (
∫ p
p0
ω1, . . . ,
∫ p
p0
ωg). Abel’s theorem says that the Abel-Jacobi map
is an embedding. The principal polarization of J(C) is determined by the inter-
section form Q on H1(C,Z). When the basis of homology is symplectic, that
is, Q(λi, λj) = 0 = Q(βi, βj), Q(λi, βj) = δij , i, j = 1, . . . , g, there exists a
unique basis {ω1, . . . , ωg} of H0(C,Ω)(called normalized basis) such that the pe-
riod matrix of C is given by (I, Z) where I is the g × g identity matrix. From
the Riemann bilinear relations([1], p.231-232) we have that Z is symmetric and
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that the hermitian form (, ) on H0(C,Ω) defined by (η, θ) = i
∫
C
η ∧ θ satisfies
1
2 (ωi, ωj) = Im
∫
βi
ωj > 0, that is, Im Z is positive definite. Let (aij) = (Im Z)
−1
be. In complex coordinates (z1, . . . , zg) on C
g the Ka¨hler form invariant un-
der translations ω0 :=
∑g
i,j=1 aijdzi ∧ dzj represents the principal polarization
[ω0] ∈ H2(J(C),Z) of J(C), that is, [ω0] is the first Chern class of the line bundle
defined by the Theta divisor of J(C)([1], p.333). The restriction of ω0 to C give
us a metric of non-positive curvature. We call this metric the Theta metric (other
authors call this metric the Bergmann metric).
Let p ∈ C and z : U ⊂ C → C an holomorphic local coordinate around p. Let
fi : U → C be a local expression of ωi in the coordinate z, where {ω1, ..., ωg} is a
basis of H0(C,Ω) as above. We denote fi(z) := fi ◦ z−1 : z(U) → C and f(z) =
(f1(z), . . . , fg(z)). In this coordinate the Theta metric is given by ρ
2(z)dz ∧ dz,
where ρ2(z) :=< f(z), f(z) >= f(z) · (Im Z)−1 · f(z)t = (
g∑
i,j=1
aijfi(z)fj(z)) is
the conformality factor of the metric. The Gaussian curvature K is computed by
the formula K = −2
ρ2
∂∂(log (ρ2)) ([1], p. 77). Since ∂
∂z
ρ2(z) =< f ′(z), f(z) >
, ∂
∂z
ρ2(z) =< f(z), f ′(z) >, where f ′(z) = (f ′1(z), . . . , f
′
g(z)), by the formula of the
curvature we obtain:
K(z) =
−2
ρ6(z)
(< f(z), f(z) >< f ′(z), f ′(z) > −| < f ′(z), f(z) > |2). (1)
By Schwartz inequality we have that K(p) = 0 if and only if f(z) and f ′(z) are
linearly dependent. This happen if and only if the differential dφ of the canonical
map φ : C → P(H0(C,Ω)∗) = Pg−1, φ(z) = [f1(z) : · · · : fg(z)] is zero in p. But
dφ(p) = 0 if and only if C is hyperelliptic and p is one of the 2g + 2 Weierstrass
points. So in the hyperelliptic case the hyperelliptic Weierstrass points are global
maxima of K.(See also [3]).
In this paper we prove:
Theorem. Let C be a hyperelliptic Riemann surface of genus g > 0. The Weier-
strass points of C are non-degenerated critical points of Morse index +2 of the
Gaussian curvature function K of the Theta metric.
In section two we show in lemma 2.1 and lemma 2.2 a criteria to find local minima
for K. We give an example in genus two where we compute all critical points of
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the Curvature function K and we apply the theorem and lemmas 2.1, 2.2 to show
that in this example K is a Morse function.
1. The Hessian of the Curvature function at the Weierstrass points.
Remark 1. Let C be a compact Riemann surface and J(C) the Jacobian of
C. Let p0, p1 ∈ C, p0 6= p1 two points of C. Consider the Abel-Jacobi maps,
µp0 : C → J(C), µp1 : C → J(C). Since J(C) has structure of abelian group, for
each y ∈ J(C) we have the translation τy : J(C) → J(C), τy(x) = x + y. For
µp1(p0) ∈ J(C) consider the translation τµp1 (p0). We have a commutative diagram:
C
µp1
//
µp0 !!
B
B
B
B
B
B
B
B
J(C)
J(C)
τµp1 (p0)
OO
that is, µp1 = τµp1 (p0) ◦ µp0 . Since ω0 is invariant under translations we have that
µ∗p1ω0 = µ
∗
p0
τ∗
µp1 (p0)
ω0 = µ
∗
p0
ω0. Thus we have that Theta metric doesn’t depend
of the base in the Abel-Jacobi map.
The following lemma is useful to find critical points for K.
Lemma 1.1.- Let C be a compact Riemann surface of genus g and let f : C → C
be an automorphism such that f 6= identity. If p ∈ C is a fixed point of f , then p
is a critical point of the curvature function K of the Theta metric.
Proof. Let f : C → C be an automorphism, f 6= identity. Let f∗, f∗ be the induced
isomorphisms in H1(C,Z) and H
0(C,Ω) respectively. Let (f∗)∨ : H0(C,Ω)∨ →
H0(C,Ω)∨ the dual map of f∗, where H0(C,Ω)∨ is the dual vector space to
H0(C,Ω). The following diagram commutes:
H1(C,Z)
f∗−−−−→ H1(C,Z)

y 
y
H0(C,Ω)∨
(f∗)∨−−−−→ H0(C,Ω)∨
where  is given by integration. This diagram induces an automorphism φ in the
quotient J(C) = H0(C,Ω)∨/H1(C,Z) such that the following diagram commutes
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C
f−−−−→ C
µp
y µf(p)
y
J(C)
φ−−−−→ J(C)
(2)
For η ∈ H0(C,Ω), f∗(η) = f∗(η), then for θ1, θ2 ∈ H0(C,Ω) we have:
(f∗θ1, f∗θ2) =
∫
C
f∗θ1 ∧ f∗θ2 =
∫
f∗(C)
(θ1 ∧ θ2) =
∫
C
(θ1 ∧ θ2) = (θ1, θ2) (3)
Then f∗ is a isometry on H0(C,Ω). Consider the dual hermitian inner product of
the Theta metric, (·, ·)1, defined on H0(C,Ω)∨. Let D(φ) be the derivate of φ. The
dual map of D(φ) is the dual map of f∗, hence D(φ) is an isometry with respect to
(·, ·)1. Hence we deduce that φ leaves invariant the principal polarization ω0. From
(3) we have
µ∗p(·, ·)1 = µ∗p((φ)∗(·, ·)1) = f∗µ∗f(p)((·, ·)1) = f∗µ∗(p)(·, ·)1.
Then f is an isometry with respect to the Theta metric. Hence f leaves invariant
the curvature function K of the Theta metric, that is, K(x) = K(f(x)) for all
x ∈ C. By the chain rule K ′(x) = K ′(f(x))f ′(x). If p is a fixed point of f then
K ′(p) = K ′(p)f ′(p). But f ′(p) 6= 1(apply Schwartz lemma to the lifting of f to
universal covering spaces) and hence p is a critical point of K. 
Example 1.- We recall that a hyperelliptic Riemann surface C of genus g > 0, is
the compactification of the complex affine plane curve
C0 := {(x, y) ∈ C2|y2 = f(x), f(x) = (x− a1) · · · (x− a2g+2)} (⋆)
where a1, . . . , a2g+2 ∈ C and ai 6= aj , ∀i 6= j. The fixed points of the involution
ι : C → C, ι(x, y) = (x,−y) are the 2g + 2 hyperelliptic Weierstrass points of C.
So we obtain again that the Weierstrass hyperelliptic points are critical points of K.
Note that the quotient C/ < ι > induces a double covering π : C → CP1, π(x, y) =
x ramified at the Weierstrass points.
Example 2.- Let C be the hyperelliptic Riemann surface given by the equa-
tion y2 = z2g+2 − 1, and π : C → P1, π(z, y) = z the ramified double cover on
P
1. Consider the automorphism h : C → C, h(z, y) = (e 2pii2g+2 z, y). Note that
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(0, i), (0,−i) are fixed points of h, so they are critical points of K. Consider the
automorphism f : C → C, f(z, y) = (1
z
, iy
zg+1
) which leaves invariant the curvature
K of the Theta metric on C. f descends to CP1 and induces the automorphism
T : CP1 → CP1, T (z) = 1
z
. The following diagram commutes
C
f−−−−→ C
π
y π
y
CP
1 T−−−−→ CP1
Since π : C → P1 is a double cover ramified at the Weierstrass points, we can
take an open subset U ⊂ CP1 not containing the roots of z2g+2 − 1 = 0 such that
π−1(U) = U1 ∪ U2 is a disjoint union where U1, U2 are open subsets of C and for
j = 1, 2, π|Uj : Uj → U is a local biholomorphism. We have that the open set
V := T (U) does not contain the roots of z2g+2 − 1 = 0, also π−1(V ) = V1 ∪ V2 is
a disjoint union and π|Vj : Vj → V is local biholomorphism. Since π|U1 : U1 → U
and π|V1 : V1 → V are local biholomorphism, we can restrict the Theta metric to
the open set U1, so we have that T |U = π|V1 ◦ f ◦ π−1U1 : U → V is an isometry
with respect to the Theta metric on P1. Since f leaves invariant the curvature
K, then T leaves invariant the curvature K on P1, that is, K descends to P1 and
K(z) = K(1
z
). Thus we obtain that the points lying over 0 ∈ P1 and ∞ ∈ P1 are
critical points of K. 
Now consider a hyperelliptic Riemann surface defined as in (⋆) in example 1. The
Weierstrass point are the points pk = (ak, 0), for 1 ≤ k ≤ 2g + 2. Note that
f ′(ak) 6= 0, by implicit function theorem there exist a small neighbourhood U
of pk, such that y is a local coordinate. Let gk(x) =
∏2g+2
i=1,i6=k(x − ai) be, and
z : C0 → C, z(x, y) = y√
gk(x)
, in a neighbourhood of pk. With this notation we
have the following lemma:
Lemma 1.2.- z is a local coordinate in pk = (ak, 0). In this coordinate the lo-
cal expression of (x − ak)j−1 dxy is α(z)z2(j−1)dz for j = 1, . . . , g, where α(z) is
holomorphic and α(pk) 6= 0.
Proof. Since dy = f
′(x)dx
2y 6= 0 in a neighbourhood of pk, gk(ak) 6= 0 and y(ak) = 0
then we have that dz(pk) = (
√
gk(x)dy−yd
√
gk(x)
gk(x)
)(pk) = (
dy√
gk(x)
)(pk) 6= 0, then
there exists an open neighbourhood V of pk where z is local coordinate. Note that
dx
y
= 2dy
f ′(x) , then for j = 1, . . . , g we have
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(x−ak)j−1dx
y
= 2(x−ak)
j−1dy
f ′(x) = z
2(j−1)(2dy
dz
dz) 1
f ′(x) = α(z)z
2(j−1)dz
where α(z) = 2y
′(z)
f ′(x) is a holomorphic function suh that α(pk) 6= 0. 
Using translations we have that for y ∈ J(C) we can identify the tangent space
Ty(J(C)) with the tangent space at the origin 0 ∈ J(C), T0(J(C)) ≃ Cg. We use
the coordinate (z,V) of lemma 1.2 and we fix q ∈ V . Consider the Abel-Jacobi map
giving locally by
µ : V ⊂ C → J(C) , µ(z) = (
∫ z
q
α(z),
∫ z
q
α(z)z2, . . . ,
∫ z
q
α(z)z2(g−1)).
The derivate of µ(z) is µ′(z) = α(z)F (z), where F (z) = (1, z2, z4, . . . , z2(g−1)). Let
<,> any hermitian inner product on T0(J(C)) ≃ Cg represented by an g×g hermit-
ian symmetric matrix (hij) positive definite. In the coordinate (z,V) the pullback
(µq)
∗(<,>) is a Kahler metric on C given by ρ2(z)dz ∧ dz, ρ2(z) = |α(z)|2β(z)
where β(z) =< F (z), F (z) >. Let G(z) = β(z)∂
2β(z)
∂z∂z
− ∂β(z)
∂z
· ∂β(z)
∂z
be. Since α(z)
is holomorphic, ∂
2
∂z∂z
log(α(z)α(z)) = 0. We have in this case that the curvature
function on C with respect to this metric is given by K(z) = −2G(z)
ρ2(z) .
Lemma 1.3. We have the following identities
∂G
∂z
=< F ′, F >< F ′, F ′ > + < F,F >< F ′′, F ′ > − < F ′, F ′ >< F ′, F >
− < F,F ′ >< F ′′, F > .
∂2G
∂z2
=< F ′′, F >< F ′, F ′ > + < F ′, F >< F ′′, F ′ > + < F ′, F >< F ′′, F ′ >
+ < F,F >< F ′′′, F ′ > − < F ′′, F ′ >< F ′, F > − < F ′, F ′ >< F ′′, F >
− < F ′, F ′ >< F ′′, F > − < F,F ′ >< F ′′′, F > .
∂2G
∂z∂z
=< F ′, F >< F ′, F ′′ > + < F,F ′ >< F ′′, F ′ > + < F,F >< F ′′, F ′′ >
− < F ′, F ′′ >< F ′, F > − < F,F ′′ >< F ′′, F > − < F,F ′ >< F ′′, F ′ > .
Proof. It is clear that we have that ∂β(z)
∂z
=< F ′(z), F (z) >, ∂β(z)
∂z
=< F (z), F ′(z) >,
and
G(z) =< F (z), F (z) >< F ′(z), F ′(z) > − < F (z), F ′(z) >< F ′(z), F (z) > .
Now use the product rule for derivates. 
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Proof of the Theorem. We have
< F (pk), F (pk) >= h11,
< F ′′(pk), F ′′(pk) >= 4h22,
< F ′′(pk), F (pk) >= 2h12.
(4)
From lemma 1.3 and (4), and the fact that F ′(pk) = F ′′′(pk) = (0, . . . , 0) we obtain
that
∂2G
∂z∂z
(pk) = 4(h11h22 − h12h21), ∂G
∂z
(pk) =
∂2G
∂z2
(pk) = 0. (5)
We havel also,
∂K
∂z
=
−2
ρ2(z)
· ∂G
∂z
+G · ∂
∂z
(
−2
ρ2(z)
).
∂2K
∂z2
=
−2
ρ2(z)
· ∂
2G
∂z2
+ 2
∂G
∂z
· ∂
∂z
(
−2
ρ2(z)
) +G · ∂
2
∂z2
(
−2
ρ2(z)
).
∂2K
∂z∂z
= (
−2
ρ2(z)
) · ∂
2G
∂z∂z
+
∂G
∂z
· ∂
∂z
(
−2
ρ2(z)
)
+G · ∂
2
∂z∂z
(
−2
ρ2(z)
) + (
−2
ρ2(z)
) · ∂G
∂z
.
(6)
From lemma 1.3 and (4),(5), (6) and the fact that G(pk) = 0 we have
∂2K
∂z2
(pk) = 0 =
∂2K
∂z2
(pk),
∂2K
∂z∂z
(pk) =
−8(h11h22 − h12h21)
ρ2(pk)
, (7)
note that r := −8(h11h22−h12h21)
ρ2(pk)
< 0. We have the matrix
 ∂
2K
∂z2
∂2K
∂z∂z
∂2K
∂z∂z
∂2K
∂z2

 (pk) =

 0 r
r 0

. Let z = u + iv be. In real coordinates we
have the following identities:
∂
∂z
=
1
2
(
∂
∂u
− i ∂
∂v
),
∂
∂z
=
1
2
(
∂
∂u
+ i
∂
∂v
)),
∂2
∂2u2
= 2
∂2
∂z∂z
+ (
∂2
∂z2
+
∂2
∂z2
),
∂2
∂2v2
= 2
∂2
∂z∂z
− ( ∂
2
∂z2
+
∂2
∂z2
),
∂2
∂u∂v
=
1
i
(
∂2
∂z2
− ∂
2
∂z2
),
(8)
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Consider the matrix

 ∂
2K
∂u2
∂2K
∂u∂v
∂2K
∂v∂u
∂2K
∂v2

 :=

 a b
b c

. From (8) we have

 ∂
2K
∂z2
∂2K
∂z∂z
∂2K
∂z∂z
∂2K
∂z2

 (pk) =

 0 r
r 0

 =

 14 (a− c− 2ib) 14 (a+ c)
1
4 (a+ c)
1
4 (a− c+ 2ib)


The equations 14 (a− c− 2ib) = 0, 14 (a+ c) = r, 14 (a− c+ 2ib) = 0, implies that the
real Hessian of K in pk is Hess K(pk) =

 r 0
0 r

. Hence for 1 ≤ k ≤ 2g + 2,
the Weierstrass point pk = (ak, 0) is a non-degenerated critical point of K of Morse
index +2. 
2.- An example in genus two.
Let C be the hyperelliptic Riemann surface of genus two defined by the equa-
tion y2 = (z − a1) · · · (z − a6) with ai 6= aj . Take a simplectic homology basis
{λ1, λ2, β1, β2} in H1(C,Z). Consider the basis dzy , zdzy of H0(C,Ω). The period
matrix with respect to this choice of basis is


∫
λ1
dz
y
∫
λ2
dz
y
∫
β1
dz
y
∫
β2
dz
y∫
λ1
zdz
y
∫
λ2
zdz
y
∫
β1
zdz
y
∫
β2
zdz
y

 :=

 α11 α12 α13 α14
α21 α22 α23 α24


Since γ := α11α22 − α12α21 6= 0([1], 231-232), we consider a normalized basis of
differentials given for the change of basis:

 ω1
ω2

 := 1
γ

 α22 −α12
−α21 α11

 ·

 dzy
zdz
y


The period matrix of C with respect this new choice of differentials is (I, Z), where
Z = Zt and Im Z > 0. Denote by P := 1
γ

 α22 −α12
−α21 α11

. Let ω = (ω1, ω2) and
η = (dz
y
, zdz
y
) be, then ω = η · P t. Let B :=

 b11 b12
b21 b22

 = P t · (Im Z)−1 · P be.
The Theta metric on C is giving by ρ2(z)(dz ∧ dz) = ω · (Im Z)−1 ·ωt = η ·B · ηt =
g(z)
|y2| dz ∧ dz, where g(z) = b11 + b21z + b12z + b22|z|2. Note that b12 = b21 and
det B > 0. With this notation we have the following lemma.
Lemma 2.1.- Let (z0, y0) ∈ C be such that f(z0) 6= 0, and f ′(z0) = 0. Then
(z0, y0) is a critical point of K if and only if Re b12 = 0.
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Proof. Let (z0, y0) ∈ C such that f(z0) 6= 0, and f ′(z0) = 0. We take a small open
neighbourhood Uz0 of z0 as coordinate of (z0, y0), we have a local biholomorphism
s : Uz0 → C, s(z) = z − z0. We consider in this coordinate the basis dsy , sdsy .
In this coordinate the conformality factor ρ2(z) of the Theta metric is given by
g(z)
|y2| where g(z) = b11 + b21(z − z0) + b12(z − z0) + b22|z − z0|2. Since f(z) is
holomorphic, ∂∂ log(ff) = 0, so ∂∂ log( 1|y2| ) =
1
2∂∂ log((
1
|y4|)) =
1
2∂∂ log((
1
ff
)) =
0. The curvature function K : Uz0 → R is given by:
K(z) = −2 |y2|
g(z) · ∂∂ log(g(z)|y2| ) = −18 ∂∂ log(g(z)|y2| ) · |y
2|
g(z) =
−det B
8
|f(z)|
g3(z) (9)
The total differential dK, is dK(z) = det B8
(−(g3(z))d|f(z)|+3g2|f |dg(z))
(g6(z)) , and the dif-
ferential dg is dg(z) = b12 + b21 + b22(d|(z − z0)|2). For z = z0, we have that
dg(z)|(z=z0) = 0 if and only if b12 + b21 = 2Re b12 = 0, then
dK(z)|(z=z0) =
det B
8
(−g3(z0)(d|f(z)|+ 3g2(z0)|f(z0)|dg(z)|)
(g6(z0))
|(z=z0).
By hyphotesis f ′(z0) = 0, then dK(z0) = 0 if and only if Re b12 = 0. Since this
computation is local, we have that (z0, y0) ∈ C is a critical point of K if and only
if Re b12 = 0.
Note that is easy to see that with the same hyphotesis the lemma 2.1 can be
generalized for any hyperelliptic Riemann surface of genus g > 0.
Remark 2. The condition b12 = b21 and b12 + b21 = 0 = Re b12 implies that
0 = (b12 + b21)
2 = b212 + 2b12b21 + b
2
21, that is, −4b12b21 = 2(b212 + b221). Note
that iIm b12 = −iIm b21, so b212 + b221 = ((iIm b12)2 + (iIm b21)2) = −((Im b12)2 +
(Im b21)
2) = (iIm b12 − iIm b21)(iIm b12 + iIm b21) = 0, that is,−4b12b21 = 0, then
b12 = b21 = 0, so det B = b11b22 > 0.
Lemma 2.2. With the same hypothesis of lemma 2.1, suppose also that f ′′(z0) = 0,
then (z0, y0) is a local minima of K of Morse index zero.
Proof. Let α := det B8 be. From equation (9) we have that
∂K
∂z
= −α· [g
3(z) ∂|f|
∂z
−|f(z)|3g2(z)∂g
∂z
]
g6(z)
and ∂K
∂z
= −α · [g
3(z) ∂|f|
∂z
−|f(z)|3g2(z)∂g
∂z
]
g6(z) . Then we have that
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∂2K
∂z2
= −αg6(z) [3
∂|f |
∂z
g2(z)∂g
∂z
+ g3(z)∂
2|f |
∂z2
− 6|f(z)|g(z)(∂g
∂z
)2 − 3g2(z)(|f(z)|∂2g
∂z2
+ ∂g
∂z
∂|f |
∂z
)]
g12(z)
+ α
6g5(z)∂g
∂z
g12(z)
· [g3(z)∂|f |
∂z
− |f(z)|3g2(z)∂g
∂z
]
∂2K
∂z2
= −αg6(z) [3
∂|f |
∂z
g2(z)∂g
∂z
+ g3(z)∂
2|f |
∂z2
− 6|f(z)|g(z)(∂g
∂z
)2 − 3g2(z)(|f(z)|∂2g
∂z2
+ ∂g
∂z
∂|f |
∂z
)]
g12(z)
+ α
6g5(z)∂g
∂z
g12(z)
· [g3(s)∂|f |
∂z
− |f(z)|3g2(z)∂g
∂z
]
∂2K
∂z∂z
= α
[6g5(z)∂g
∂z
· [g3(z)∂|f |
∂z
− |f(z)|3g2(z)∂g
∂z
]
g12(z)
− αg6(z) [3g
2(z)∂|f |
∂z
∂g
∂z
+ g3(z)∂
2|f |
∂z∂z
]
g12(z)
− αg6(z)[−|f(z)|(6g(z)
∂g
∂z
· ∂g
∂z
+ 3g2(z) ∂
2g
∂z∂z
)− 3g2(z)∂g
∂z
· ∂|f |
∂z
]
g12(z)
Note that ∂
2|f |2
∂z2
= 2(∂|f |
∂z
)2+2|f |∂2|f |
∂z2
. By hypthotesis f(z0) 6= 0, f ′(z0) = f ′′(z0) =
0, then ∂
2|f |2
∂z2
(z0) = 0 and
∂|f |
∂z
(z0) = 0 =
∂|f |
∂z
(z0). Is easy to see that
∂2|f |
∂z2
(z0) =
0 = ∂
2|f |
∂z∂z
(z0). Since
∂2g
∂z2
(z0) = 0 =
∂2g
∂z2
(z0) and g(z0) = b11,
∂g
∂z
(z0) = b21 = 0, b12 =
∂g
∂z
(z0) = b12 = 0, we have from Remark 2:
∂2K
∂z2
(z0) =
[6α|f(z0)|b11b221]
g6(z0)
− [18α|f(z0)|b11b
2
21]
g6(z0)
=
−12α|f(z0)|b11b221
g6(z0)
= 0.
∂2K
∂z2
(z0) =
[6α|f(z0)|b11b212]
g6(z0)
− [18α|f(z0)|b11b
2
12]
g6(z0)
=
−12α|f(z0)|b11b212
g6(z0)
= 0.
∂2K
∂z∂z
(z0) =
[−18α|f(z0)|b12b21]
g5(z0)
+
6α|f(z0)|b12b21
g5(z0)
+
3α|f(z0)|b11b22
g5(z0)
=
3α|f(z0)|
g5(z0)
b11b22 > 0.
Let δ := 2 ∂
2K
∂z∂z
(z0) be. From (8), we have that the real Hessian of K in (z0, y0) is
Hess K(z0, y0) =

 δ 0
0 δ

 .
This show that (z0, y0) is a non-degenerated critical point of Morse index 0, which
is a local minima. 
Example 3. Consider the hyperelliptic Riemann surface C of genus g = 2 defined
by the equation y2 = z6 − 1. Let π : C → P1 be the double cover ramified
at Weierstrass points of C and consider the automorphism ϕ : C → C ,ϕ(z, y) =
(ζz, y), where ζ = e
2pii
6 . We are going to see that the curvature function K : C → R
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of the Theta metric is a Morse function. To show this we we need a straightforward
computation of partial derivates for K.
Note that the points {q1 = (0, i), q2 = (0,−i)} = π−1(0)( the points lying over
0 ∈ P1) are fixed points of ϕ, so from lemma 1.1 they are critical points of K. From
lemma 1.1 the automorphism f : C → C, f(z, y) = (1
z
, iy
z3
) leaves invariant K and
from example two of section one K descends to P1 and K(z) = K(1
z
). So we have
also that the two points lying over∞ ∈ P1 are critical points of K. From lemma 2.1
and lemma 2.2 we have that z0 = 0 is a local minima of K of Morse index zero, this
implies that ∞ ∈ P1 is a local minima of Morse index zero. Using the double cover
π, we obtain four minimal points on C of Morse index zero. From Remark 2, b12 =
0 = b21, so from equation (9), K(z) = −α |z
6−1|
b322(|z|2+
|b11|
2
|b22|
2 )
3
. Since K(z) = K(1
z
), a
simple computation shows that b11
b22
= 1. We obtain that α = det B8 =
b11b22
8 =
b222
8 ,
that is, K(z) = −τ · |z6−1|(|z|2+1)3 , where τ = 18b22 . Consider the function K2. Since
d(K2) = 2K · dK, except at the Weierstrass points, the differentials dK2 and dK
have the same critical points. In polar coordinates z = reiθ, r > 0, θ ∈ (0, 2π) we
have that K2(z) = τ2 (z
6−1)(z6−1)
(|z2|+1)6 = K
2(r, θ) = τ2 r
12−2r6cos(6θ)+1
(r2+1)6 . With respect to
r and θ consider the partial derivates:
1
τ2
· ∂K
2(r, θ)
∂r
=
12r11 − 12r5cos(6θ)
(r2 + 1)6
− 12r(r
12 − 2r6cos(6θ) + 1)
(r2 + 1)7
1
τ2
· ∂K
2(r, θ)
∂θ
=
12r6sin(6θ)
(r2 + 1)6
All critical points of dK2 are the point 0, the roots of z6 − 1 = 0 and the points
(1, θk) where θk =
(2k+1)π
6 , k = 0, 1, . . . , 5. The points (1, θk) corresponds to the
complex number βk = ζ
kβ1, where ζ = e
ipi
3 , β1 = e
ipi
6 , k = 0, 1, . . . , 5. The points
βk are the roots of z
6 + 1 = 0. A straightforward computation gives
1
τ2
∂K2
∂z
=
(|z2|+ 1)66z5(z6 − 1)− 12z(|z|2 + 1)5(z6 − 1)(z6 − 1)
(|z2|+ 1)12
1
τ2
· ∂
2K2
∂2z2
=
30z4(z6 − 1)
(|z|2 + 1)6 −
144|z2|z4(z6 − 1)
(|z|2 + 1)7 +
168z2|z6 − 1|2
(|z|2 + 1)8
=
1
τ2
· ∂
2K2
∂2z2
1
τ2
· ∂
2K2
∂z∂z
=
36|z|10
(|z|2 + 1)6 +
72(z6 − z6)− 12|z6 − 1|2 − 144z6(z6 − 1)
(|z|2 + 1)7 +
168|z|2|z6 − 1|2
(|z|2 + 1)8 .
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Since β61 = −1 then β41 = −12 + i
√
3
2 , β
2
1 =
1
2 + i
√
3
2 and β
4
1 + β
2
1 = 0. This implies
that
∂2K2
∂z2
(β1) =
84(β41 + β
2
1) + 84β
2
1
26
=
84β
2
1
26
,
∂2K2
∂z∂z
(β1) =
36
26
.
Let (u0, v0) = (Re β1, Im β1) be. From (8) we have in real coordinates that
∂2K2
∂u2
(u0, v0) =
36 + 42(β
2
1 + β
2
1)
25
,
∂2K2
∂2v2
(u0, v0) =
36− 42(β21 + β21)
25
,
∂2K2
∂u∂v
(u0, v0) =
42
√
3
25
,
Note that β
2
1 + β
2
1 = 1, β
2
1 − β
2
1 = i
√
3, so
Hess K(u0, v0) =
τ2
25

 78 42
√
3
42
√
3 −6

 .
This implies that β1 is a saddle point of Morse index +1. Note that ϕ(βj , y) =
(βj+1, y). So each point βj has Morse index +1. The roots of z
6 + 1 = 0 are not
ramification points of the double cover π : C → P1, then we have that the 12 points
π−1({z6 + 1 = 0}) are saddle points K of Morse index +1. Thus for the curvature
function K : C → R, we have I0 = 4 critical points of Morse index zero, I1 = 12
critical points of Morse index +1 and I2 = 6 critical points of Morse index +2. The
Euler characteristic is X (C) = 2− 2g = −2 = I0 − I1 + I2. This implies that K is
a Morse function on C.
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